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1. Introduction 

The Calogero-Moser (or CM) particle system |CalllCa2] and its generalizations 
appear, in a variety of ways, in integrable systems, nonlinear PDE, representa- 
tion theory, and string theory. Moreover, the partially completed CM systems — in 
which dynamics of particles are continued through collisions — have been identified 
as meromorphic Hitchin systems (see, for example, BBT, DM, GN, HM, HN, J^rSJ 
IKr3[ INT] among others). This Hitchin- type description gives natural "geometric 
action-angle variables" for the CM system. 

Motivated by relations of the CM system to nonhncar PDE |BN1[ IBN2j . we 
introduce a new class of generalizations of the spin CM particle systems, the framed 
(rational, trigonometric and elliptic) CM systems. We give two algebro-geometric 
descriptions of these systems: the first, perhaps more familiar, description uses 
meromorphic GL„ Hitchin systems with decorations (framing data) on (cuspidal, 
nodal and smooth) cubic curves. The second description identifies these phase 
spaces with moduli spaces of one-dimensional sheaves on corresponding "twisted" 
ruled surfaces. 

We also present a simple geometric formulation of the flows of all meromorphic 
GLn Hitchin systems (with no regularity assumptions) as tweaking flows on spectral 
sheaves. Using this formulation, we show that all spin and framed CM systems are 
identifled with hierarchies of tweaking flows on the corresponding spectral sheaves. 
This generalizes the well-known description of spinless CM systems in terms of 
tangential covers (see |TV1I ITV2) V In |BN2j . we prove that a Fourier transform 
identifies the framed CM systems (in their spectral incarnation) as the particle 
systems describing the motion of poles of all meromorphic (rational, trigonometric, 
and elliptic) solutions of (generalized) multicomponent KP hierarchies. 

We begin with an overview of the paper. Sections [21 and preview relevant back- 
ground. Section 01 introduces framed CM systems and the corresponding spectral 
sheaves on ruled surfaces, and Sectional contains the description of flows of Hitchin 
and framed CM systems. 

1.1. Review of Calogero-Moser Systems. In Section|21 we review the definition 
of the Calogero-Moser (CM) particle systems. The Calogero-Moser systems are a 
family of completely integrable classical hamiltonian systems, describing particles 
on the line interacting with a quadratic potential. The systems come in three basic 
variants: rational, trigonometric and elliptic, according to the type of function 
used in the potential. We will work with complexified Calogero-Moser systems, in 
which the three variants naturally correspond to systems of interacting particles 
on a one-dimensional complex group G, namely C, C^ or an elliptic curve. The 
Calogero-Moser systems also have natural partial completions, in which we allow 
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the positions of particles to collide |KKSI IWlj . The (completed) Calogero-Moser 
systems feature in a variety of seemingly unrelated areas, in particular as describing 
the motion of poles of mcromorphic solutions to KdV and KP equations (see "AMMJ 

inc. Krl. Kr2. ,TV2. ,W1 and [Ei IHW W2, for surveys), and as a nalogs of Hilbert 

schemes in noncommutative geometry jBWI IBGKll IKKOI IBrNe| . 

The Calogero-Moser systems have a natural generalization, in which the particles 
carry spins, which are covectors and vectors Ui^Vi in an auxiliary vector space C*^ 
|GH| . The dynamics of the spin CM systems depends on the spins only through 
the pairings fij — Ui(vj), so one usually considers instead a reduced version (the 
Euler-Calogero-Moser system) in which we only keep track of the fij (BBKTI IRI 
IN1| . From the point of view of noncommutative geometry and KP equations (e.g. 
|BGK2I fBN2j ). it is the full phase space of the spin CM hierarchy, and its framed 
generalizations presented in this paper, which play a central role. We review the 
definition of the completed rational and trigonometric spin CM systems in terms 
of quiver data (pairs of matrices, vectors and covectors satisfying a shifted moment 
map condition) in Section 

1.2. Calogero-Moser and Hitchin Systems. We begin Section|31by reviewing 
(in Section in|l the basic setup, the family of Weierstrass cubic curves E (irreducible 
genus one curves) . These come in three variants, according to the type of the smooth 
locus G G E: rational (the cuspidal cubic, with G = C), trigonometric (the nodal 
cubic, with G = C^), and elliptic {G — E is an elliptic curve). 

In Section [3. 31 we review the relation between meromorphic Hitchin svstems |Hil 
IMllDM| on cubic curves and Euler-Calogero-Moser systems (following jNlLICNj as 
well as the reviews [TMIIEET) ). The Hitchin formulat ion is a variant of the Lax 
form with spectral parameter for elliptic CM systems, due to Krichever |Kr2j (see 
also |Kr8j where elliptic CM systems appear as part of a general hamiltonian theory 
of Lax operators on algebraic curves). 

Recall that the (GL„) Hitchin systems are integrable systems on moduli spaces 
of vector bundles on a curve, equipped with a Higgs field (endomorphism-valued 
one-form) . A key ingredient in this approach to particle systems is the identification 
f |FMl| . see Section rO|l between positions of particles (configurations of points, or 
more generally torsion sheaves, on G) and vector bundles on E, which is a special 
case of the Fourier-Mukai transform on cubic curves (BuKl IBN2j . 

1.3. Framed Calogero-Moser Systems and Spectral Sheaves. Section 01 in- 
troduces and studies the framed Calogero-Moser systems. These systems are best 
described geometrically using a nontrivial affine bundle (the Serre surface) i?'' — > i? 
modelled on T*E. This formulation for the elliptic (spinless) Calogero-Moser sys- 
tem was explored in detail by Treibich-Verdier in their work on tangential covers 
[TVTllTV2l . and in |DWI ID] (see [DM) 'I. One of our goals is to generahze this de- 
scription to include the rational and trigonometric cases and to CM particles with 
spins or framings. 

The ruled surface E^ ^ E over a cubic curve E is discussed in Section 14.11 
It comes equipped with a section E^o, whose complementary affine bundle E"^ — 
E^ \ Eoo is the natural home for the Weierstrass ^-function. The surface E^ is 
naturally birational to T*E (again using the ^-function), so that the complement of 
the fibers over the basepoint b € E (identity element of the group G) are identified. 
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In Section 14.21 we introduce the notion of twisted Higgs field, which relate to 
sheaves on in the same way that ordinary Higgs fields relate to sheaves on 
T*E. Using the birational identification of i?'' and T*E we have a simple bijection 
between regular and twisted (framed or unframed) Higgs fields, which shifts the 
Higgs field by <^Id. This shift provides a geometric origin (the transition from 
T*E to E^) for the appearance of the shift by Id in the hamiltonian reduction 
and Hitchin system descriptions of CM hamiltonians (and corresponds, under the 
extended Fourier-Mukai transform |BN2| . to a transition from sheaves on T*E to 
I?- modules). 

For any torsion coherent sheaf T on the group G C -B, we introduce in Section 
I4.2.2l the T-framed Calogero-Moser systems, which are Hitchin systems on T-framed 
Higgs (or twisted Higgs) bundles. The framing consists of a factorization of the 
polar parts of a Higgs field into a map to T. This generalizes the usual fc-spin 
Calogero-Moser systems, which are recovered when the framing T ~ C'^, considered 
as a sum of skyscrapers O®*^ at the basepoint of G. The framing is also analogous 
to that appearing in the definition of Nakajima quiver varieties jNa) . Thanks to 
the identification between vector bundles on E and configurations of particles, these 
systems have the form of generalized spin particle systems. 

In Section Ol we introduce the spaces of framed CM spectral sheaves, which 
provide a geometric phase space for spin (and framed) CM systems. Recall that 
the phase spaces of Hitchin systems on a curve X are described geometrically as 
spaces of spectral sheaves on the cotangent bundle T*X — i.e. line bundles (or more 
generally torsion- free sheaves) supported on curves in the surface T*X. In fact the 
description of an integrable system by spectral sheaves is a geometric version of 
transforming the system in action-angle variables — the support curve is invariant 
under the system and plays the role of the action variables, while the line bundle 
on the curve plays the role of the angle variable. 

For CM systems, the natural spectral sheaves live on the ruled surface e\ Given 
a torsion sheaf T on the smooth locus G C i?, we define a T-framed CM spectral 
sheaf on i? to be a torsion-free sheaf supported on a curve in E^ , whose restriction 
to Eoo is identified with T — see Definition 14 . 61 for a precise definition (the algebraic 
geometry of related linear series on E^ is studied in jTj). The torsion sheaf T again 
plays the role of the spin variables of the corresponding Calogero-Moser particles — 
in particular we'll show f Corollary I4.12|) that the fc-spin CM system is realized as 
the case where T is the vector space C*^, considered as a skyscraper sheaf O®'^ at 
the basepoint b € E. 

In Section 14.41 we identify moduli spaces of T-framed CM spectral sheaves and 
Higgs bundles: 

Theorem 1.1 f Theorem I4.11|l . There is a canonical isomorphism €.dJtn{E,T) — > 
^]CDyin{E,T) between the moduli of T-framed spectral sheaves and T-framed Higgs 
fields. 

The identification is based on a result of Katzarkov, Orlov and Pantev KOPj 
which uses Koszul duality to identify moduli spaces of framed sheaves on ruled 
surfaces over curves in terms of linear algebra data on the curve. It turns out 
that the Koszul data for CM spectral sheaves are precisely framed twisted Higgs 
bundles, so that the Higgs field gives the structure of the underlying spectral sheaf 
while the factorization of the poles into spin variables gives the framing of the 
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spectral sheaf. In particular, when T ~ O^, we find that the phase spaces of the 
rational, trigonometric and elliptic spin CM particles are identified with spaces of 
framed spectral sheaves on 

1.4. Flows on Spectral Sheaves. In Section[Sl the heart of the paper, we study 
flows on moduli spaces of spectral sheaves. We first discuss in Section lBTTl the general 
principle (tweaking), whereby sheaves are deformed by an infinitesimal version of 
tensoring with line bundles. Explicitly we can construct deformations of arbitrary 
sheaves from germs of meromorphic functions. Namely, multiplication by such a 
function gives a germ of a meromorphic endomorphism of any sheaf, using which 
we "change the transition functions" (or define an Ext^ class). 

In Section 15.21 we present a geometric description of the flows of meromorphic 
GLn Hitchin systems on an algebraic curve X as tweaking flows f Theorem I5.4|l . 
(Related geometric pictures with various restrictions on the allowed spectral curves 
appear for example in jXEl rCTTR UMl lEFTl EMII EMS-) Namely we point out 
an obvious bijection between Hitchin hamiltonians for vector bundles on a curve 
X and classes in II^(T*X, O), and likewise for meromorphic Hitchin systems and 
meromorphic germs on T*X. It is then an easy check that the corresponding 
tweaking and hamiltonian flows agree (this is a global analog of the trivial spectral 
description of the hamiltonian flows of trace polynomials on T*GLn). We thus 
realize the Hitchin flows not in terms of the action of line bundles on each specific 
spectral curve but uniformly as the infinitesimal version of the action of line bundles 
on T*X (i.e. as the action of a commutative Lie algebra, rather than Lie algebroid). 

Theorem 1.2 fTheorem I5.4|l . The hamiltonian flows on the moduli of (possibly 
meromorphic) Higgs bundles on a curve X are given by the multiplication action 
of classes in Y(^{T*X,0) (or generally meromorphic germs on T*X) on the corre- 
sponding spectral sheaves. 

This concrete realization of Hitchin flows has various applications. As an example 
we describe, as Corollarv l5.6l a simple generalization of the Compatibility Theorem 
of Donagi-Markman |DM| and Li-Mulasc LM2 relating Hitchin and Hcisenberg (or 
KdV) flows, dropping all assumptions on the regularity of the Higgs field. 

Finally, in Section lH^ we define the framed Calogero-Moser hierarchies, as tweak- 
ing flows on framed spectral sheaves. Specifically, we tweak CM spectral sheaves 
by principal parts of functions with poles along the curve E^o at infinity. We are 
then able to identify explicitly all of these flows with Hitchin hamiltonian flows, 
and in particular with the explicit form of the spin (and framed) Calogero-Moser 
hamiltonians on particles. We summarize as follows: 

Theorem 1.3 (Theorem EUDl . 

(1) The flows of the rational, trigonometric and elliptic spin CM hamiltonian 
systems are identified with explicit tweaking flows (see Definition \5 . fAl along 
Eryo on (O^ -framed) CM spectral sheaves on E^ . 

(2) More generally, for any torsion sheaf T on G G E with E a cubic curve, 
the flows of the T -framed Calogero-Moser hamiltonians are identified (under 
the isomorphism €3Rn{E,T) — > i]£9Jl„(i?, T) above) with explicit tweaking 
flows fDefinition \5.ff\} along E^o on T -framed CM spectral sheaves. 

(3) For simple framing T (for example in the spinless case T = Ob), the CM 
hamiltonian flows generate all tweaking flows along E^o . 
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1.5. Motivation. The impetus for the present work comes from the eorrespon- 
dence between meromorphic solutions of soliton equations of KP type and particle 
systems of CM type. In |BN2| (see jBNl| for an overview) we establish a very broad 
form of this correspondence, generalizing and refining (in particular) the results of 
|Kr2IIWlllTVlj in the spinless case. Namely, we apply an extension of the Fourier- 
Mukai transform to the spaces of framed CM spectral sheaves studied in this paper, 
extending the identification of the underlying vector bundles with configurations of 
particles. We obtain an identification of these phase spaces with moduli spaces 
of framed T>-bundles on E. These moduli spaces are noncommutative analogs of 
Hilbert schemes (in the rank one case) or framed torsion-free sheaves on T*E, and 
the isomorphism may be considered a separation of variables a la Sklyanin (see 
[GNRj l for elliptic Hitchin systems. This generalizes the relation between rational 
Calogero-Moser spaces and ideals in the Weyl algebra LB , _B^ BG.K1, . More- 
over, we show that framed 2?-bundles provide a natural geometric phase space for 
the meromorphic (rational, trigonometric and elliptic) multicomponent KP hierar- 
chy, and that the isomorphism of moduli spaces identifies the KP and CM fiows. 
The positions of the CM particles are identified with the "singularities" of the 2?- 
bundles, which are the poles of the corresponding meromorphic KP solution. Thus, 
framed CM systems describe the motion of poles of general meromorphic solutions 
of multicomponent KP hierarchies. 
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T. Pantev for helpful conversations. In particular T. Pantev explained to us his work 
with Katzarkov and Orlov describing framed sheaves by Koszul data which we use 
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CAREER grant DMS-0449830 at the University of Texas. The second author was 
supported in part by an NSF postdoctoral fellowship at the University of Michigan 
and an MSRI postdoctoral fellowship, as weU as by NSF grant DMS-0500221. 

2. Review of Calogero-Moser Systems 

2.1. Introducing the Spin Calogero-Moser System. In this section we discuss 
the spin Calogero-Moser system, following £H , BBKT] INll iRj — see also the chap- 
ter in jBBT| . See |BN1| for a review of the usual (spinless) complexified Calogero- 
Moser system following IWTl INTl IHNl lEHl lEI ■ 

Connected one-dimensional complex algebraic groups G fall into three classes: 
the additive group C, the multiplicative group C^, and the one-parameter family 
of elliptic curves E. These cases fall under the monikers rational, trigonometric and 
elliptic according to the type of functions on the universal cover C which correspond 
to meromorphic functions on G. 

The /c-spin n-particle Calogero-Moser system is a hamiltonian system describing 
n identical particles on G equipped with spins in the auxiliary /c-dimensional vector 
space C*^. Thus, consider n distinct points (positions) gi, . . . in G, momenta 
Pi G C and spin vectors and covectors Vi € C'^, ut G (C'^)* (1 < « < n), all up to 
the simultaneous action of the symmetric group 5„. Let fij — Ui{vj) G C {i j) 
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be the contraction of the zth covector with the jth vector. The hamiltonian for the 
spin Calogero-Moser system is given by 

1 " 

Here the potential function U has a single second order pole at the origin of G: in 
terms of coordinates on the complex line (the universal cover of G), U has one of 
the forms 



Rational: 


U{q) = ^, 


Trigonometric: 


sm (q) 


Elliptic: 


U{q) = p{q) 



where p{q) is the Weierstrass p-function attached to the elliptic curve E. The 
spinless case k = 1, fij — 1 is the classical Calogero-Moser particle system. 

The spin Calogero-Moser hamiltonian depends only on the contractions fij — 
Uiivj) (as do the higher integrals of motion discussed below). Thus the dynamics 
of the system descend to the phase space of the Euler- Calogero-Moser system (we 
follow the terminology of [BBKTp . in which we only keep track of the Pi,qi and 
the matrix F = {fij) € fll„ (considered up to the addition of diagonal matrices). 
This latter system is often referred to as the spin Calogero-Moser system, since 
its dynamics come from those of the full spin CM system. However, the phase 
spaces for the two systems are quite different (especially so when k > n) and it 
is the full spin CM phase space that plays a role in the correspondence with the 
niulticomponent KP hierarchy |BN2j . 

2.2. CM Matrices. We briefly recall the description of rational and trigonometric 
spin Calogero-Moser systems in terms of matrices (or quivers) following IKKSllWT] . 

Consider the cotangent bundles T*g(^^ (rational case) and T*GL'^f'' (trigono- 
metric case) of the regular semisimple loci in the Lie algebra and group. These 
cotangent bundles are identified with the sets of pairs of matrices {X, Y) with X 
having n distinct eigenvalues {qi S C in the rational/Lie algebra case, qi € in 
the trigonometric/Lie group case). We now pass to the quotient by the simultaneous 
conjugation action of GLn, which is identified with the phase space of the rational 
(respectively trigonometric) Euler-Calogero-Moser system, with qi the positions of 
the particles. The corresponding momenta pi are recovered as the diagonal entries 
of Y in the gauge where X is diagonal. Finally we have moment maps for the action 
of GL„: 

T*0[r^0l„, X,Y^F=[X,Y]., 
rp*Qj^Tss ^ ^[^^ X,Y ^F = X-^YX - r, 

giving the spin coordinates /y as the off-diagonal entries of the matrix _F € 0[„ (or 
as X-rescaled versions of the off-diagonal entries of Y). Note that this phase space 
is Poisson, with symplectic leaves labeled by coadjoint orbits. The Calogero-Moser 
hamiltonian is given by the GL„-invariant function E^^^ = ifrF'^. The hamil- 
tonians Ef^^ = i tr y (« = 1, 2, . . . ) are in involution, and define a degenerately 
integrable hamiltonian system [R]. 
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We may now drop the assumption that the matrix X is regular semisimple, 
obtaining a partiaUy completed phase space for the rational and trigonometric 
Euler-Calogero-Moser systems in which the positions qi are allowed to coincide. 

Definition 2.1. The rational and trigonometric Euler-Calogero-Moser spaces^ are 
the quotients e;G:M„(C) = r*0[„/Gi„, €e:OT„(C^ ) = T*GL,JGL,,. The Calogero- 
Moser hamiltonians on these spaces are the reductions of the invariant polynomials 
fjCM = 1 trr\ 

In order to describe the rational and trigonometric spin Calogero-Moser systems, 
we consider in addition to the matrices X, Y also maps u : C*^ C", v : C" — > C*^. 
When X is regular semisimple, we may write u, v in the basis of X-eigenvectors, 
giving the data of n vectors Vi G C*^ and n covectors Ui G (C*^)* that are the 
spin parameters for the n particles with positions {qi}. Noting that the variety of 
quadruples {X,Y,u,v) is the cotangent bundle of the variety of pairs {X,u), we 
obtain the following definition: 

Definition 2.2. The rational and trigonometric spin Calogero-Moser spaces are 
the hamiltonian reductions 

e:M|;(c) = r*(g[„ x Hom(c^c"))//IdGi„, 

€mt{C')=T*{GLr. X Hom(C^C"))//IdGi„ 
at the coadjoint orbit {Id} G In other words, these are the varieties of quadru- 
ples {X,Y,u,v} with [X,Y]+u{v) = Id and X^^YX -Y + u{v) = Id, respectively, 
modulo the simultaneous action of GLn- The Calogero-Moser hamiltonians on 
these spaces are the reductions of the invariant polynomials = ltiY\ 

Remark 2.3. It is clear from the above description that £971^(0) is a (framed) 
quiver variety ;Na: associated to the quiver with one vertex and one loop (the 
matrix X): the vector v is the framing datum, and Y,u come from doubling the 
resulting quiver. 

2.3. Formulas for Rational CM Matrices. When k — 1, the spin Calogero- 
Moser system reduces to the usual spinless Calogero-Moser system, which is the 
symplectic leaf of the Euler-Calogero-Moser system corresponding to the minimal 
coadjoint orbit O — {Id —u{v)} C 0[„ that consists of traceless matrices of the form 
"Id minus a rank one matrix." In other words, the (spinless) rational CM space is 

e:a7i„ = {{x,y) e t*0[„ | [x,y] e o}/gl„. 

It is proven in |Wlj that this space is a smooth, irreducible affine variety of dimen- 
sion 2n. It is convenient to realize O as the orbit of the matrix 



(2.1) 



/ 1 1 
1 1 
1 1 



V 1 1 1 



1 \ 

1 
1 



/ 



^Here and elsewhere in the paper, we will use the word "spaces" (or "moduli spaces") in a 
slightly abusive way. However, all statements in the paper apply equally well to the moduli stack 
and to any reasonable moduli spaces/ varieties that result, so the reader may substitute his or her 
preferred type of moduli object. 
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On the open subset where X has distinct eigenvalues, we may then write coordinates 
{qi,Pi) on (a finite cover of) ££!Jt„: 





f 







• 


• 


\ 











• 


• 




X = 










qs ■ 


• 






\ 








• 


• qn 


1 



I 



Y 



\ 



Pi 

1 


1 


1 


1 


91-92 

P2 
1 


91Y93 


91 -9n 


q2-qi 


92-93 
P3 


q2-qn 


qs-qi 


93-92 


qs-qn 


1 


1 


1 


Pn 


9,1 -91 


9,1-92 


9n-93 



\ 



J 



It is easy to see that the hamiltonian H = H2 in these coordinates recovers the 
rational Calogcro-Moscr hamiltonian above. Thus, £9}l„ provides a completion of 
the phase space of the rational Calogero-Moser system in which we allow the points 
qi (the eigenvalues of X) to collide. In the general spin case, we obtain coordinates 



Pi, qi as diagonal entries just as before and coordinates {i 7^ j) with Yij = 

3. Calogero-Moser and Hitchin Systems 



fi.: 



-I3 



3.1. Cubic Curves. The classification of 1-dimensional complex algebraic groups 
is paralleled by the classification of Weierstrass cubic curves, that is, irreducible, 
reduced complex projective curves E of arithmetic genus 1: 

• Elliptic: £■ is a smooth elliptic curve (in particular a group), and may be 
described by an equation of the form = + ax + b where 4a^ + 276^ 7^ 0. 

• Trigonometric: E is a nodal cubic, and is isomorphic to the curve = 
x'^{x — 1). Its normalization ^ E identifies two points and 00 to a 
node on E, and defines a group structure C^ = G C .B on the smooth 
locus. 

• Rational: E \s a, cuspidal cubic, and is isomorphic to the curve = x^. 
Its normalization ^ £ collapses 2 • 00 to a cusp on E, and defines a 
group structure C = G C on the smooth locus. 

We will denote the identity element of each group G by 6, and the singular point 
(cusp or node) by 00. In all three cases, the smooth locus G is identified (as a 
group) with the Jacobian Pic°(ii^) via the map q ^ Cq = 0{q — b). E itself is 
identified with its compactified Jacobian, the moduli space of torsion free sheaves 
of rank 1 and degree on E. The singular point corresponds to the unique rank 1, 
degree torsion- free sheaf that is not locally free, namely the modification mtx)(&) 
of the ideal sheaf of 00. 

The group variety G acts on E, defining the unique nonzero invariant vector field 
9 on up to a scalar. Writing the singular cubics in terms of their normalization 
P^, a choice of d is represented by ^ in the cuspidal case (vanishing to order 2 at 
00 G P^) and by 2;^ in the nodal case (vanishing to order one at 0, 00). We will 
abuse notation to denote the sheaf Oe ■ dhy Te (note in the nodal case this is the 
log tangent bundle of E). Similarly the dual sheaf will be denoted \>y ^e- Both 
sheaves are trivial line bundles on E. The total space of (which is isomorphic 
to X C) will be denoted T*E. 

3.2. Prom Particles to Vector Bundles. We would like to encode the positions 

(7i G G of the Calogero-Moser particles in a "Fourier dual" fashion. Recall that G 
is identified with the Jacobian Pic°(i^) of the corresponding cubic curve E, via the 
map q 1-^ jCq = 0{q — b). Thus, n distinct points in G define a rank n vector bundle 
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= ® C>{qi — b) on E which is semistable of degree zero. Conversely, a generic 
degree semistable bundle on E is of the form W — ^ 0{qi — b) for n distinct 
points Qi ^ G C E (determined up to permutation). 

On an elliptic curve i?, we may extend this correspondence as follows. The 
Fourier-Mukai transform |Muk| identifies semistable degree zero vector bundles W 
with degree (length) n torsion coherent sheaves W"^ on E, in such a way that 
W = ^ 0{qi—b) is identified with the sum of skyscrapers Oq- . We may therefore 
consider the moduli space of such as a completion of the configuration space of 
n points qi G E. 

A similar argument for singular cubic curves identifies certain semistable degree 
zero vector bundles with configurations of points in the smooth locus G C -B: 

Lemma 3.1 f jFMTj . Le mma 1.2.5). Suppose W is a semistable vector bundle of 
degree Q on a singular Weierstrass cubic E, and that ~ E ^ E is the normal- 
ization. Then the following are equivalent: 

(1) W is identified by the Fourier-Mukai transform with a torsion coherent 
sheaf W"^ supported on G d E. 

(2) n*W is a trivial vector bundle. 

(3) W has a filtration whose subquotients are line bundles of degree on E. 

For any cubic curve -E, we let Bun!^{E) denote the moduli stack of rank n 
semistable vector bundles of degree zero on a cubic curve E; for singular E, we 
impose in addition any of the equivalent (and open) conditions of Lemma 13.11 
Note that we do not at any point pass to the moduli space of (5- equivalence classes 
of) semistable vector bundles. 

3.3. Calogero-Moser and Hitchin Systems. In this section we review the iden- 
tification of the completed Euler-Calogero-Moser systems with meromorphic Hitchin 
systems on cubic curves following |NH (see also jGNI lERl IBBTp . 

We denote by Bunf^{E, b) Bunf^{E) the principal Gin-bundle parametrizing 
bundles in Bun^^ (E) equipped with a trivialization of the fiber at the identity. The 
cotangent fiber T*Bun^{E, b)\w at a bundle W consists of pairs {W, 77), where r] is 
a meromorphic Higgs field ry G r(End W{b)) on W with only a simple pole at b. The 
group GLn admits a hamiltonian action on T*Bunf^^{E, b) induced from its action 
on Bun'^{E,b) (by changing the trivialization at b). Let Cfe^„ — Hom(C''', C"), 
and identify T*Cfc^„ = Cfc^„ x C„_fc. 

Definition 3.2. The Hitchin-Calogero-Moser space Sj(iVJln{E) associated to the 
cubic curve E is the quotient T* Bun^ {E , b)/GLn, i.e. the space of Higgs bundles 
on E with simple pole at b. 

Definition 3.3. A framed Higgs bundle is a quadruple {W,ri,u,v) where 

(1) {W, rj) G mTln{E) is a Higgs bundle on E with pole at b, 

(2) u : C*^ ^ W\b and v : W\b are linear maps, 
and we require that Resj, rj -\- u{v) ~ Id. 

The moduli space of framed Higgs bundles on E is denoted i3£9JtJ^(G) and is 
identified with the hamiltonian reduction 

ij£an^(G) = T*{Bun::{E,b) x Cfc,„)//idGL„. 

As we explain below, the Hitchin systems on the spaces S)€.dJln{E) give a com- 
pletion of the Euler-Calogero-Moser systems. The spaces i3£2Jl^(i?) of framed 
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Higgs bundles, on the other hand, wiU model the spin CM systems, and the map 
io£9}tJj(£^) ?)€Tln{E) forgetting u,v corresponds to forgetting the spins and re- 
membering only their contractions fij. In particular the Hitchin hamiltonians on 
S)€DJln{E) pull back to define the framed Hitchin system on m^niE)- In Sec- 
tion ^3 we will relate framed Higgs bundles (and their generalizations) to spectral 
sheaves equipped with a normalization (framing) on a ruled surface. 

Remark 3.4. The contraction map 9)€-D}l'^{E) f)£9Jt„(_E) forgetting {u,v) iden- 
tifies the (spinless) Calogero-Moser space £9Jt„(£^) = i3£9Jt^j(£^) with the subspace 
(in fact symplectic leaf) of S)<tTln{E) consisting of Higgs fields with residue in the 
coadjoint orbit O. 

3.4. Matrices and Hitchin Systems. The spaces of Calogero-Moser matrices 
e;£OJl„(C) and ££$H„(C^) are readily identified with the rational and trigonomet- 
ric Hitchin-Calogero-Moser spaces i3£9Jl„(i?). Namely, by hypothesis, bundles in 
Bunff{E,b) have trivial puUback to the normalization P^, so are completely de- 
scribed by the descent data from to E. This descent datum in the nodal case 
is the identification of the two fibers over the inverse image of the node, hence 
Bunff{E,b) = GL„. In the cuspidal case, these two points are infinitesimally 
nearby, and the descent datum becomes a "connection matrix" identifying these 
two nearby fibers — thus, we have Bunf^{E, b) — 0[„. (See |FM2j for more details.) 

In general, fix a cubic curve E and an invariant differential on it. We restrict to 
the open locus in Bun\ 
line bundles — 0{qi 



(E) consisting of vector bundles ~ Cg. , sums of the 
-b) of degree zero associated to n distinct points qi G G. Let 



Sq^-q- denote the unique section meromorphic section of Cq.-q. with only a simple 
pole at b (normalized using the differential and trivialization of the fiber) and zero 
at qi — qj. Then it is easy to see that the Higgs field 77 e End(iy)(6) = ^qi-qj (b) 
must have the form 



/ 



(3.1) 



Pi 
/21S92- 



fuSqi- 

P2 
h2Sq3- 



-92 



-<32 



\ fnl^qn—qi fn2^q 



fl3Sqi~q 
f23Sq2-q 
P3 

fn3-^qn—q 



f2nSq2- 
fsn^qs- 



\ 



for some fij G C and where the pi are sections of 0(6) on E, hence constants. In 



the rational case we have Sq 
[X,Y] = (/y) we have 

(3.2) 



SO that writing X — diag(qi) and 



Y)dz, 



with Y as in equation 13. II with Sq^^q. replaced by 
metric case we replace q.^q. by sm[qi — qj) and 

,X-^YX -Y 



Similarly in the trigono- 



(3.3) 



»7 = (- 



z 



3.5. CM Hamiltonians. Finally, we give the rational, trigonometric and elliptic 
spin Calogero-Moser hamiltonians in the Hitchin system description. Recall that 
the Hitchin hamiltonians on the moduli space of Higgs bundles are all components 
of traces of powers of the Higgs field. Among these we wish to single out the spin 
CM hamiltonians. 
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Definition 3.5. The spin CM hamiltonians on Sj€.Tln{E) arc the functions 

[i + l) 

We see from the exphcit form of the Higgs fields in the rational and trigonometric 
cases (Equations E3 and ESJ that \H,iX,Y) = Hf^^''{Y) = jtrF^ are indeed 
the CM hamiltonians.^ Similarly, in the elliptic case one checks that is the 
(quadratic) elliptic CM hamiltonian using the identity Sq.^q.Sq--q- — p. 

Summarizing, we have the following statement. 

Proposition 3.6 (' |N1| '). The Hitchin-Calogero-Moser systems on cuspidal, nodal, 
and smooth cubic curves are completions of the rational, trigonometric and ellip- 
tic Euler-Calogero-Moser systems, respectively. Moreover, we have isomorphisms 
(£G:971„(C) ~ Sj(Lmn{C) and €€9}t„(C^) ~ mMniC) of mtegrable systems. 

4. Framed Calogero-Moser Systems and Spectral Sheaves 

4.1. Tiie Surface E"^ and the Weierstrass (^-Function. In this section, we 
discuss a surface E"^ that is the total space of the unique (up to isomorphism) 
nontrivial rank one affine bundle over a cubic curve E. 

4.1.1. E"^ for Smooth Cubics. Fix an elliptic curve E. Let A denote the Atiyah 
bundle on E, the unique (again, up to isomorphism) nontrivial extension of O^; by 
itself. The algebraic surface i?^ is the complement of the section E^o = P{0) = E 
of the projectivization E = P{A) of the Atiyah bundle: 

e^^e\e^. 

The resulting surface i?'' is Stein (but not affine algebraic), and isomorphic with the 
moduli space of line bundles with a holomorphic connection on E (see (TVll ITV2) 
for more on the geometry of E^). 

In classical analytic terms, the surface E^ may be viewed as the receptacle for 
the Weierstrass ^-function of E, the unique odd function on the universal cover 
C of £' whose derivative C'i^) = ~p{z) is minus the Weierstrass p-function of E. 
That is, while C is not doubly-periodic, it differs from its translates by additive 
constants, so that it determines a well-defined section of an affine C-bundle over 
E. This surface is readily identified with E"^. Indeed, recall that the Weierstrass 
(T- function of E is the unique section of the line bundle 0{b) with a simple zero at 
6, and that C, ~ d\og cr{z) is its logarithmic derivative. This provides the algebraic 
definition of it is the section of the affine bundle ConnO{b) of connections on 
0{b) with log pole at b and residue 1 that corresponds to the unique mcromorphic 
connection annihilating a. 

We may now fix E^ up to unique isomorphism by setting E^ = ConnO{b), a 
twisted cotangent bundle of E |BB| (i.e. affine bundle for Qe — Oe with compatible 
symplectic structure). Let A denote the pushforward of Oe^ to E, i.e. the algebra 
of functions on the fibers of E. Thus A — (^)<i, the subsheaf of affine functions 
on eK is isomorphic to the Atiyah bundle, and is canonically an extension of Te 
(which is isomorphic to Oe) by Oe. The sheaf A is also isomorphic as O^j-module 



Our normalization of the hamiltonians is chosen to be compatible with the Hitchin hamilto- 
nians in the next section. 
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to ©^(©^(b)), the sheaf of differential operators of order at most one acting on the 
hne bundle 0{b). Concretely, the sheaf A lies in between 

(4.1) OE®TE{-b)cAcOE®TE{b), 

and A is generated (in the canonical local coordinate near b) by Oe ®TE{—b) and 
the section d — (. 

The meromorphic section ({z) of E defines a trivialization of the affine 

bundle E^ E away from b, and hence a canonical birational identification of the 
cotangent bundle T*E ^ E xC with E^: 

T*E 3 {z,uj{z)) ^ {zX{z)+ujiz)) e E^ 

(see jDM| for a geometric description in terms of elementary modifications). Let k 
denote the meromorphic function on E^ , with polar divisor the fiber over b, obtained 
by composing this identification with the projection onto C, fc(z, Ciz)+uj{z)) = lli{z) 
(or more canonically a;(z) / dz) . Let ^ denote the Laurent expansion of C at the origin 
e C, considered as a Laurent series on E at b. Then it follows that the function 
t = k + TT*( on E'^ near Fh is regular along the fiber Fh, and gives a natural affine 
coordinate on E''^ near Ff, (i.e an affine identification of the formal neighborhood of 
Fb C i?^ with E X C). More generally, puUback by k identifies regular functions 
on E^ with the ring of functions generated by linear functions / otiT*X such that 
/ + 7r*C is regular near Fb (as is evident from equation 14. l|l . 

4.1.2. E'^ for Singular Cubics. The definition and properties of extend naturally 
to general cubics E. For any Weierstrass cubic E we have 

Ext^(0,C') = H\E,0) ^ C. 

So E has a unique nontrivial extension A of O^; ~ Te by O^, up to isomorphism.^ 
We again fix A — 'D^{OE{b)) (these are differential operators with symbol in Te). 

Let E^ Proj(Sym*^) denote the associated ruled surface, and p : E^ ^ E 
denote the projection map. 

The quotient map A Oe defines a section s : E ^ E^; we write Eoo — s{E) 

and refer to it as the section at infinity. The surface i?'' E^ \ Eoo is called the 
twisted (log) cotangent bundle of E] it is the nontrivial torsor over VIe given by the 
nonzero class (up to scale) in H^(JIe)- 

The notion of (^-function and its relation to E"^ similarly extend to the singular 
cases (again considering ^ as a log connection on 0(6)). Concretely, in the rational 
case, we have Q = l/z and in the trigonometric case C = 1/ sin(2;). 

4.2. Twisted Higgs Fields and FYamed CM Systems. In this section we in- 
troduce the notion of twisted Higgs fields, which are a modified version of Higgs 
fields whose spectral curves naturally live in E"^ rather than in the cotangent bun- 
dle. The two notions are readily identified, but the translation from twisted Higgs 
to Higgs adds Id to the residue at the basepoint, providing a geometric origin to the 
appearance of C Id in the CM Hamiltonian or equivalently of Id in the CM moment 
condition. We then define the framed CM particle system in its Hitchin system 
formulation. 

Recall fSection I4.1|l the O^-algebra A of functions on i?^ and its subsheaf A 
(the Atiyah bundle) of affine functions, which is an extension of O^; by ^ Oe- 



■^Recall that Tj; is the subsheaf of the tangent sheaf generated by the G-action. 
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The structure of Higgs bundle on a vector bundle W can be written as an action of 
Oe (BTe on W extending the OB-module structure, which makes W into a sheaf 
on T*E. This has a natural twisted analog, in which we replace the Oe ® Tg-action 
by an action of A, or equivalently a lifting to a sheaf on : 

Definition 4.1. A (regular) twisted Higgs bundle on E' is a pair {W,rj) where 

(1) is a vector bundle on E and 

(2) rj : A ®Oe W ^ W \s a. map whose restriction to Oe C ^ is the identity 
map of W . 

The relation between Higgs and twisted Higgs fields is given by the Weierstrass 
^-function, which may be considered as a splitting of the extension A away from 6, 
or as a section of A with simple pole at h. Put another way, A is identified with the 
subsheaf of Oe ® generated by Oe, TE{—b) and the section d — It follows 
that to give a twisted Higgs field 77 on W is equivalent to giving an action of d 
from W to W{b), which becomes regular after subtracting ^Id. In coordinate-free 
language, this is a Higgs field 77 = 77 — ^1 on Vl^ with simple pole whose residue 
at b is the identity endomorphism. Recall (Section I4.1|l that we have a canonical 
birational isomorphism between T*E and E'^ relative to E, given by the function 
k. 

Lemma 4.2. Let W denote a vector bundle on E. There is a bijection between 
meromorphic Higgs fields r] : W ^ W{*b) and meromorphic twisted Higgs fields 
rj : A iS^Oe ^ ^ W{*b) sending 77 to rj — (1. The corresponding spectral sheaves 
on the surfaces T*E, E'^ away from the fiber over b are identified by the birational 
isomorphism of the surfaces given by 

4.2.1. Framed Higgs Fields. Let T denote a torsion coherent sheaf on E, with sup- 
port S" C G a subscheme of the smooth locus of E (considered as a divisor on G). 
For a sheaf F on E we use the chosen invariant differential on E to identify F{S)/F 
with the restriction F\s- 

Definition 4.3. A T-framed twisted Higgs bundle is a quadruple {W, rj, u, v) where 

(1) W e BunffiE), 

(2) u : T ^ W\s and v : W\s T are maps of coherent sheaves, and 

(3) rj : A(S^cij^ W W{S) is a map whose restriction to Oe C A is the identity 
map of W; 

these data must satisfy the following. The restriction of ?; to S" factors through a 
map 

p.p.{7j) -.Wis ^ (Ad) W/O ® W)\s W{S)\s =i W\s 
which we require to satisfy 

p.p.ijj) = u{v). 

We denote the moduli space of framed twisted Higgs bundles by i3£9Jt„(i?, T). 

Lemma 4.4. There is an isomorphism between the moduli spaces of: 

(1) T-framed twisted Higgs bundles {W,rj,u,v), and 

(2) quadruples (1^,77,^,7;) where 

(a) {W G Bun!^ {E),ri : W W{S + b)) is a meromorphic Higgs bundle 
and 

(b) u : T W\s and v : W\s T are maps of coherent sheaves 
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whose principal parts satisfy 

P-P-iv) = u{v) +p.p.{C ■ Idw) ■■ W\s W\s+b- 
In the case T = , we recover the notion of framed Higgs bundle from Definition 

The notion of twisted Higgs bundle thus gives a geometric interpretation (the pas- 
sage from T*E to E^) for the appearance of Id in the CM residue condition on 
Higgs fields. 

4.2.2. Framed CM Systems. We now define hamiltionians on the framed Calogero- 
Moser phase spaces Sj€dJln{E, T) as certain Hitchin hamiltonians, generalizing Def- 
inition lT31 in the spin case T = O^. Let S = ]lj=i C E denote the set-theoretic 
support of T, consisting of £ distinct points on X (counted without multiplicity). 
We define hamiltonians Hi^b whenever 6 e S" as in the spin case, but also a collection 
of hamiltonians Hi x^ for each point Xj G S, as follows: 

Definition 4.5. The framed CM hamiltonians are the functions 

H,^,^ : mm^E, T) ^ C, i/,,,^ {W, 77, u, v) = Res,^ Tr 77^+1 

for Xj 7^ 6, together with (when b £ S) 

H,^b{W,rj,u,v) = ^ResbTr(77 + Cir+^ 
I + 1 

The framed CM systems may be identified with completed particle systems on 
the group G, as in Section [3.41 Namely, we restrict to the open locus in which 
the vector bundle W = ^ 0{qi — b) is canonically a sum of distinct line bundles 
(up to permutation). The positions of the corresponding particles are then given 
by the points qi € G (given by the Fourier-Mukai transform of W, as in Section 
13.21) . The decomposition of W moreover allows us to decompose 77 into diagonal 
and off-diagonal components. We identify the momentum pi of the particle qi as 
the constant term of the ith diagonal component of rj. It is then immediate that 
the hamiltonian |i?2,b consists of the kinetic term ^J2Pi together with other (po- 
tential) terms. The other hamiltonians above define integrals of motion for this 
system. In the case of simple framing (that is, when T = ^Xi for distinct Xi) they 
form a maximal family of integrals in involution, defining an algebraically com- 
pletely integrable system. (This follows immediately from the spectral description 
of framed CM systems, Theorem 15. lUI ') 

4.3. CM Spectral Siieaves. Moduli spaces of spectral sheaves (specifically, of line 
bundles on curves in a Poisson surface) give a wide class of examples of integrable 
systems (see e.g. |DMI IHuj V The prototypical example of such a setting is the 
(GLn) Hitchin system on the moduH space T* Bunn{X) of Higgs bundles on a curve 
X, which can be described as a moduli space of torsion- free sheaves on curves in 
T*X finite of degree n over X. We will similarly realize the spin CM systems in 
terms of spectral curves on the twisted cotangent bundle of E. More precisely, 
we look at torsion-free sheaves on curves in the projective surfaces 

= T*EU E^ and E^ = E^ LI E^, 
for which we fix the behavior along the curves E^a = E at infinity. 
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Definition 4.6. Fix a coherent torsion sheaf T on G. A T-framed CM spectral sheaf 
(respectively, Hitchin spectral sheaf) is a pair {J-, cj)) consisting of a coherent sheaf 

T on (respectively, T*E) of pure dimension one, together with an identification 
4' '■ ^Isoa ~^ 1 satisfying the following two normalization conditions: 

(i) W — p^,T{—Eoo) is a semistable vector bundle of degree 0; if E is singular, 
we also require that the puUback of W to the normalization of is a trivial 
vector bundle. 

(ii) deg{p,T{kEo^)) = (fc + 1) deg(T) for fc > 0. 

We denote the sheaf p*J'(fci?oo) by Fk. The T -Calogero-Moser space £9Jl„(i?, T) is 
the moduli scheme of T-framed CM spectral sheaves <j>) for which the rank of 
the vector bundle W is n. 

As we'll see f Definition 14.31 Lemma f4. 41 and Corollarv l4.12|l . the spins of gen- 
eralized Calogero-Moser particles take value in the sheaf T. We will identify the 
moduh space £9Jl^(i?) :— £9Jl„(i?, O^) with the completed phase space of the usual 
/c-spin rt-particle Calogero-Moser system. For general framing, €dytn{E,T) is iden- 
tified with the framed Hitchin space :^€dJln{E,T). At the other extreme from the 
spin CM case T = we have the case of simple framing, T — ® Ox^ with the 
Xi all distinct, which also generalizes the spinless case T = Ob- 

Remark 4.7 (Normalization Conditions). The normalization conditions (i) and (ii) 
are open conditions on coherent sheaves of pure dimension one (and in fact any T- 
framed J- satisfying (i) must have pure dimension one). Condition (i) on the vector 
bundle W is discussed in Section IX^ such W encode (via the Fourier transform) 
the positions of the Calogero-Moser particles. Condition (ii) is a normalization on 
the Hilbert polynomial of J- and should be considered part of the framing data. 
Note that (i) contains the case A; = — 1 of (ii). In fact, it is easy to see that (i) and 
(ii) together imply Condition (ii) for all fc: we use the exact sequence 

^ Fk-i -^Fk^T 

to conclude that deg(Ffe) < deg(Ffe_i) + dcg(T). Then induction on k gives that 
deg(Ffe) < (fc -I- l)deg(r) provided deg(F_i) = 0, with equality if and only if the 
above sequences are right exact for all fc > 0. 

It is also worth noting that if .F satisfies hypothesis (i) of the definition, then it 
satisfies hypothesis (ii) if and only if the natural map 

p.J'ikEoo) ^ p4HkE^)\Ej = T 

is surjective for all fc > 0. 

Remark 4.8 (Hamiltonians). The space of framed CM hamiltonians admit a nat- 
ural geometric description on the moduli space of T-framed CM spectral sheaves. 
Indeed, following |DM1 IHuI HI ITVTI ITV2] . one may take a spectral sheaf to its 

scheme-theoretic support, viewed as a divisor on E^ in the linear series 

P=|rk(iy)-^oo+deg(T)-T|, 

where T is a fiber of the projection i?** —>■ E. The collection of divisors that contain 
the curve Eoo with nonzero multiplicity form a hyperplane in P with complement 
an affine space A, and we obtain a natural map €.Tln{E, T) — > A. The framed CM 
Hamiltonians then come by pulling back a particular list of polynomials from A. 
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4.4. Prom Spectral Sheaves to Higgs Bundles. In this section we identify the 

moduh spaces of framed spectral sheaves on and framed twisted Higgs bundles. 
This result is based on a "Koszul dual" description of framed sheaves due to L. 
Katzarkov, D. Orlov and T. Pantev |KOP| . 

Theorem 4.9 f |KOPj ). There is a canonical equivalence between the category of 
T-framed CM spectral sheaves and that o/ Koszul data; quintuples {W,W' , s, a) 
consisting of 

(1) W e Bunt,^{E), 

(2) an extension 

of W by T, and 

(3) a map a : A ^ W ^ W extending LonW = OE^WcA®W. 

Construction 4.10. The assignment of Koszul data to a spectral sheaf proceeds 
as follows. Let {T, (j>) be a T-framed CM spectral sheaf. We set W = p^J-{—Eoo) 
and W = p*J^- Then W satisfies Condition (i) of Definition 14.61 Moreover, by 
Remark 14 .71 the natural sequence 

is exact. Making the identification A = p^O{Eoo), we let a : A (^5 W ^ W be the 
restriction of the action of A on sections of 

Theorem 4.11. There is an isomorphism €.Tln{E,T) S^€.Tln{E,T) between the 
moduli of T-framed spectral sheaves and (untwisted) Higgs fields. 

Proof. We need to establish an equivalence between T-framed twisted Higgs bundles 
{W, rj, u, v) and Koszul data {W, W, t, s, a) as in Theorem 14.91 

We first establish a bijection between the two types of data {W,W',l,s) and 
{W, It) coming from Koszul data and Higgs data, respectively. Given {W, W, t, s), 
there is a natural map u, 



W' =— ^ W'/ tors(W^') ^ W{S), 

induced by the isomorphism W\e\s — W\e\s- The map u restricts to the identity 

on W, and we denote the associated quotient map T ^ — > W /W ^ W{S) /W by u; 
we may also use the canonical identification W{S)/W = W/W{—S) = W\s coming 
from the invariant differential of E to identify u with a map T — > W/W{—S) = W\s. 

Conversely, a diagram chase shows that W' is obtained (up to unique isomor- 
phism) as the puUback of the exact sequence 

^ W{S) ^ W{S)/W 

along the map u : T ^ W{S)/W. It is immediate that these two constructions 
give the bijections 



(4.2) 



{{W,W\l,s)} ^ {{W,u)}. 
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We thus obtain a diagram 



(4.3) 



0- 



w ■ 



w ■ 



■T- 



0- 



W- 



W{S) 



W{S)/W- 



0, 



where the square marked □ is Cartesian, relating the corresponding data {W, W , l, s) 
and {W,u). 

It is now immediate from the universal propety of puUbacks applied to H4.3|l that 
there is a bijection between: 

(1) the set of maps a : A®W ^ W such that ajogw is the identity on W . 

(2) The set of pairs 



(^A®W ^ W{S),A®W 



T 



such that 

(a) ri\o(^w is the identity on W , 

(b) v\o®w = 0, and 

(c) the diagram 



A®W- 
W{S) - 



WiS)/W 



commutes. 

Since the maps v in (2) are completely determined by the induced maps 

W\s = {A(g) W/O ®W)\s ^ T, 

we find that the bijections of (|4.2|) extend to bijections 

{iW,W',i,s,a)} ^ {{W,v,u,v)}, 

as desired. The proof of the functoriality properties of this bijection necessary to 
obtain a moduli isomorphism is straightforward, and we omit it. □ 

Corollary 4.12. The moduli space of O^-framed spectral sheaves is a completed 
phase space for the k-spin Calogero-Moser system. 

Proof. This is immediate from Theorem 14. 1 II and Proposition 13. 61 □ 



5. Flows on Spectral Sheaves 

5.1. Tweaking Sheaves. In this section we consider some variants of the simplest 
method of deforming sheaves on any variety Y, namely tensoring them by line 
bundles. If y is a smooth projective variety, this gives rise to an action of the 
Picard group of Y on moduli spaces of sheaves on Y . In particular, the tangent 
space (Y, O) to Pic Y at the trivial bundle gives rise to infinitesimal deformations 
of any sheaf. This infinitesimal action is defined for an arbitrary variety Y as the 
canonical map 

Hi(r,0) =Ext^(0,C') ^Exti(J^,jr) 
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for any sheaf T . Concretely, a self-ext or first-order deformation of O defines, via 
tensor product, a first-order deformation of any sheaf T . 

To construct particular deformations of sheaves (on reasonable varieties Y\ we 
can produce elements of H^(y, O) from local of O along divisors, or from ar- 
bitrary meromorphic functions on Y . If is a vector bundle, we may interpret 
the infinitesimal action of a meromorphic function / deforming T as changing the 
transition functions of T by scalar multiplication by / on the locus where / is de- 
fined. We may also work with a formal variant, deforming sheaves using Laurent 
series along a divisor in a smooth variety. For example, if X is a curve, x ^ X and 
3 Ox are Laurent and Taylor series at x we have surjections 

from K-x to local to global cohomology of O, which we can use to construct defor- 
mations of sheaves. 

More generally, take a local section of the local cohomology sheaf H^(y, O), 
where D gY is a, divisor (locally principal subscheme). This section corresponds 
to an element of 

Hom(C', 0{ooD)/0) = Hom(C d{(xD)/d) 

where we pass to completions along D. Tensoring this homomorphism by a sheaf 
T we obtain a homomorphism 

T ^ T{ooD)lT. 

Now we pull back the canonical extension 

Q^T ^ T{ooD) T{ooD)/T 

along this map and to obtain the desired local extension of J- by itself. 

Thus we can deform sheaves on a curve using principal parts of functions at a 
point. We refer to this construction as "tweaking" of sheaves. The flows of many 
algebraically integrable systems can be described in this fashion (see e.g. p3M) 
where the Heisenberg flows of the KP hierarchies are described in this way and 
|BF1| for the case of generalized Drinfeld-Sokolov hierarchies) . In the next section 
we explain how the flows of the GL„ Hitchin system, which are generically given 
by the action of Picard groups of spectral curves which live in the cotangent bundle 
T*X of a curve, are in fact uniformly given by the action of the global cohomology 
H\T*X,0) of the cotangent bundle. 

5.1.1. Tweaking Algebroids. In this section we consider a more general construction, 
constructing arbitrary deformations of sheaves near a divisor D C Y. This is 
modeled on the loop algebra uniformization of moduli of bundles on a curve. The 
resulting flows do not commute in general and form an action of a Lie algebroid 
on moduli spaces of sheaves, rather than of a fixed Lie algebra (in other words, the 
space parameterizing deformations depends on the sheaf being deformed) . 

Let £ denote the Oy-algebra of Laurent series along the divisor D, i.e. functions 
on the punctured formal neighborhood of D. More precisely, £ is the inductive 
limit 

£ = lim dy.oikD), 
where Oy,d is the completion of Oy along D. 
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Consider a pair (J-,^) consisting of a coherent sheaf ^ on y and a Laurent 
endomorphism ^ G End£{T£) (where Ts = T ®Oy ^)) of the restriction of T to 
the punctured neighborhood of D. We then construct a first-order deformation 
of [^] G Ext^(^, as the image (under a connecting homomorphism) of the 
operation of restricting sections of ^ to Ts: 

{s ^ ^{se) mod J^} G Hom(:F, jr^ /JF) ^ Ext\j^,J^). 

More geometrically (and informally), the deformation is defined by changing the 
transition function between the restrictions J^\y\d,^Qy ^ of T to Y \ D and to 
the completion along D: we define a new sheaf by multiplying the isomorphism 
between the restrictions of the two sheaves to the punctured formal neighborhood 
(which are both J^s) by 1 + e ■ £, over the dual numbers C[e]/e^. 

In the case of vector bundles on a curve X with D = x G X, this formal 
deformation procedure becomes the action of twisted loop algebras at x on the 
moduli space of vector bundles on X. If we trivialize a vector bundle near x 
then ^ becomes an element of the loop algebra L0[„ = §[„ ® 5 of Laurent series 
of matrices at x, which acts on the moduli of bundles by infinitcsimally changing 
the transition functions at x. Without the choice of trivialization, the twisted loop 
algebras End£{T£) form a transitive Lie algebroid over the moduli stack of bundles. 

Similarly in the general setting we may consider all tweakings ^ G F,iid£{J-'£) as 
forming a Lie algebroid over the moduli stack DJl of coherent sheaves ^ on F. The 
tangent sheaf to dJt is the sheaf Ext ^ of self-extensions along Y of the universal 
sheaf £ on OJt. 

Definition 5.1. 

(1) The algebroid of tweakings along _D C 1" is the sheaf End y = End£(^£) on 
SOT of ^-module endomorphisms of the universal sheaf. The anchor map is 
the map Endg Ext ^ defined above. 

(2) The algebroid of central tweakings along D is the image of £ in Endg. 

The central tweakings are the multiplication operators by functions on the sup- 
port of a sheaf J^£ . Note that if we consider sheaves where J-£ is a line bundle on its 
support, then all tweakings are central: Endf (.Fg) is given by functions S\suppj^s 
the support of J-£. Thus, in this generic case the Lie algebroid reduces to the com- 
mutative tweaking action of meromorphic functions considered above. This is, in 
particular, the case for CM spectral sheaves with simple framing, i.e., T = 0j O^,. 
is a direct sum of skyscrapers at distinct points of Eao (for example in the spinless 
case T = Ob). For general spectral sheaves, we obtain instead a richer nonabelian 
hierarchy of flows given locally by the action of several copies of LqI^. for different 
k. 

5.1.2. Tweaking Framed Shea,ves. It is useful to consider also a relative version of 
the above constructions for sheaves framed along a divisor D. Namely, we would 
like to deform sheaves with a fixed restriction to D. First, we have an action of 
the group-scheme of line bundles equipped with a trivialization along D, or on the 
infinitesimal level of }i^{Y,0{—D)), lifting the action of H^(F, O) on underlying 
unframed sheaves. More generally, meromorphic germs of functions along D act 
on framed sheaves in the same way as on unframed sheaves (in the latter case the 
action depends on the germ up to germs regular on D, while in the former germs 
are taken up to those vanishing along D). More precisely, consider a coherent 
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sheaf T on D and the moduh stack Tl{T) of coherent sheaves T on Y with an 
isomorphism T\d T. We have a forgetful map 97l(T) ^ 9JI to the moduh stack 
of the underlying unframed sheaves. We then have the following obvious lifting of 
the tweaking algebroid: 

Lemma 5.2. The pullback of the sheaf End ^ of tweakings along D from 9Jl to 9Jl(T) 
has a canonical structure of Lie algebroid lifting the action on DJl. The anchor map 
on VJl vanishes on endomorphisms regular on D, while that on dJl(T) vanishes on 
endomorphisms vanishing on D. 

5.2. Flovirs of Hitchin Systems. In this section we give an explicit description 
of the correspondence between the Hitchin hamiltonians and their flows on moduli 
spaces of Higgs bundles. This description may be viewed as a geometric (or spectral) 
reformulation of the Lax pairs with spectral parameter for hamiltonian flows on 
loop algebras (see p.HF BBT DM, LMll irM2] ). The technique is based on the 
loop group uniformization of moduli of bundles, and parallels the discussion of 
isomonodromy flows in BF2 . 

We start with a trivial statement about the prototype for the construction, the 
basic hamiltonian system on T*GL„ (the geodesic flow on GLn). Let us identify 
with g[„ by the trace form and T*GLn with GL„ x 0[„ by left translation. For 
every positive integer ?, we have a function on T*GLn given by Try*"*"^ on the 
g[„ component. There are two natural ways to write the corresponding hamiltonian 
vector field. In Lax form, we describe the vector field at {X,Y) e Gi„ x g[„ as 
([y*, •],0). On the other hand we have a spectral interpretation of this flow. We 
will identify the adjoint quotient stack g[„/GL„ with the space of torsion coherent 
sheaves on the affine line Spec C [t] of length n. The Lie algebra gl„ itself is identified 
with C[z] module structures on C", i.e. torsion sheaves as above with a basis. 
Finally GL„ x gl^ is identified with torsion sheaves with two bases, in other words 
module structures on C" plus an additional basis for C". In this formulation, the 
hamiltonian vector field above simply rescales the second basis by the action of the 
function on SpecC[z]. 

We would like to have an analogous spectral description of Hitchin hamilton- 
ian flows, by reinterpreting the corresponding Lax form. Let X denote a smooth 
connected projective curve, and Bunn{X) the moduli stack of rank n vector bun- 
dles on X. Fix a point x G X, and let /C ~ C((2:)) and O ~ C[[z]] denote the 
complete local field and ring at x (functions on the punctured disc and disc D 
at X, respectively). We denote by Bunn{X,x) the moduli scheme of bundles with 
a trivialization on D, i.e. an infinite level structure at x. The cotangent bundles 
T* Bunn{X) and T* Bunn{X, x) are identified with the moduli of rank n Higgs bun- 
dles 77 e H°(X, End 1/ (g) 17) (y e Bunn{X)) on X and the moduh of Higgs bundles 
77 e H°(X \ x. End (g) fi) {V € Bunn{X, x)) with arbitrary pole at x, respectively. 

We will identify these cotangent bundles with moduli spaces of spectral sheaves 
on T*X |Hil iMl IDMj — namelv a Higgs field 77 on ^ G Bun^iX) gives V an Ot-x- 
module structure, defining a coherent sheaf on T*X which pushes forward to V. 
Likewise a meromorphic Higgs field ry as above makes V{(xi ■ x) = j*j*V (where j 
is the inclusion oi X \ x into X) into an O^'X-module. The support of this sheaf 
(the spectral curve) is the zero locus of the characteristic polynomial of 77, i.e. the 
spectral curve is X^, = Spec^ Ot* x / {chai rj} . We will describe the Hitchin flows 
on this data in the same way as in the prototype example (with the Higgs field as 
an fi-twisted version of the matrix Y over the punctured disc). 
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The spectral sheaf interpretation of the Hitchin system allows us to define infin- 
itesimal actions of H^(T*X, C) on T* Bunn{X) and of meromorphic germs along 
the cotangent fiber CT*X on T*Bunn{X, x). The latter is defined by tweaking 
the corresponding spectral sheaf as before, and preserving the trivialization of l^ju 
(note that this is well-defined since the tweaking flows canonically preserve V\d 
while changing the gluing with V|jjc\a;)- 

Let 

DO 

Hitchin(X) = 0H°(X,ri*+i) C 

n=l 

Hitchin(X,a;) = 0H°(X C 

i=0 

Hitchin(L»'') = 00^+^ 

i=0 

be the infinite Hitchin base spaces (where flfc — C{{z))dz is the space of Laurent 
differentials at x). The Hitchin maps 

H : T*Bunn{X) Hitchin(X), H : T*Bunn{X, x) Hitchin(X, x) 

have as the ith component 

ff,:(y,,?)^-^Tr(r,^+i). 

Note that we write the Hitchin map in the basis for invariant polynomials coming 
from traces of powers, rather than the usual basis consisting of coefficients of the 
characteristic polynomials. 

The topological dual of the (Tate) vector space IC is identified by the residue 
pairing with the differentials Qfc- Likewise if 7^ ~ C{{z))dz is the space of Laurent 
vector fields, then 7^ is identified with the dual to fi^^ . Let 

denote functions on the (suitably defined) cotangent bundle of . 

Lemma 5.3. The graded dual spaces of the Hitchin spaces are canonically identified 
as follows: 

Hitchin(i:>^)* = 0{T*D'') 
Hitchin(X,x)* = OiT*D'')/0{T*{X\x)) 
Hitchin(X)* = ll\T*X,0) 

It follows that we may identify H^ classes on T*X with linear functions on the 
Hitchin base space, and meromorphic germs on T*X along the fiber with linear 

functions on the meromorphic Hitchin space. 

Theorem 5.4. For a class ^ G I1\T*X,0) (respectively ^ G 0{T*D'')), the 
hamiltonian vector field on T*Bunn{X) (T*Bunn{X,x)) associated to H*£^ (H*£,) 
is identified with the tweaking action of ^. 

Proof. Morally, the theorem follows by hamiltonian reduction from the correspond- 
ing statement on T*GLn{IC). More concretely, let {V,r]) G T*Bunn{X,x). The 
tangent space to the moduli space at {V, rj) is given by 

{s,e)€ Endox {V)/Endx\x{V) H°(X \ x, End{V) Q). 
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The symplectic form on the tangent space is given by the residue of the trace 
pairing: 

uj ((si, (S2, 62)) = Res(Tr(si02 - S20i)). 
Fix ^ S 7^ C 0{T*D^) (we assume ^ homogeneous for simphcity of notation). The 
corresponding Hitchin hamiltonian is H^{V,ri) — Res{£,Ti{j^rj'^^^)). Perturbing 
(y, rj) by (s, 6) as above, we find the differential of this fmiction is 

diJ5l(y,^)(s,0)=Res(fTr(77^0)). 

To calculate the hamiltonian vector field = {s^,9^), we must solve 

Res(CTr(77^0)) = 0) = ^(v,,,M, (s,^)) = Rcs(Tr(s,.0)) - Res(Tr(s0^)). 

It is immediate that v^\(^v,ri) = (^'7% 0)- In other words, we have written the Hitchin 
flows in Lax form, with the flow at (V, rj) given by the action on V of the clement 
GEnd(ybx). 

On the other hand the tweaking action of a homogeneous ^ € 7^ is given by 
multiplication by ^ G 0{T*D^) as an endomorphism of T^Idx; considered as an 
0(T* D^)-modvL\e using r/l^ix • However this endomorphism is simply the product 
^77* S End^jx (V), and the tweaking action by this endomorphism is precisely the 
Lax vector field we derived above. Thus the (central) tweaking flow by ^ on T*X 
is written as an element of the tweaking algebroid at x on X, where it is identified 
with the loop algebra action on bundles V with trivialization on the disc. 

Finally note that if ^ e 0{T*{X \ x)) C 0{T*D'^), then on the one hand the 
Hitchin hamiltonian defined by <^ vanishes on T* Bunn{X), while on the other the 
tweaking action of ^ on spectral sheaves is trivial, since it is given by a global 
rescaling on X \ x which vanishes in Ext^. This establishes the theorem in the 
meromorphic case. 

For (y,ry) G T* Bunn{X), we choose a trivialization of V\d to put ourselves in 
the previous situation. The Hitchin polynomials of rj are now regular on D, so 
^ e 0[T*V) C OiT*D'^) puU back to the zero function of {V,7]). Likewise, the 
tweaking action of such ^ corresponds to a regular endomorphism of V on T*!?, 
which corresponds to a change of trivialization of V on D. Thus the action on 
T* Bunn{X) descends to 

0{T*{X \ x))\0{T*D'^)/0{T*D) = ]1^{T*X, O), 

as desired. 

□ 

Remark 5.5. For simplicity, we have stated the theorem in the setting of a smooth 
curve X. However, the result carries over to a more general setting. In particular 
we are interested in the case when X = E is a. cubic curve, a; G G is a smooth 
point and T*E is the log cotangent bundle. It is evident that the above arguments 
(which are local at x) extend automatically to this setting. 

5.3. Compatibility of Hitchin and Heisenberg Flows. In [PMj and |LM2j . the 

authors investigate the compatibility of the Hitchin systems on T* Bunn{X, D) with 
KP- or KdV-type flows on moduli of spectral curves defined using the Krichever 
construction. More precisely, if we fix a point x ^ X and a partition p of n, we can 
look at the moduli stack Higgs^. ^ — » T* Bunn{X, D) of Higgs bundles whose spectral 
curve over the punctured neighborhood of x is identified with a fixed spectral cover 
Yip over the punctured disc, with ramification type p. The partitions p 
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label conjugacy classes of Heisenberg (or Cartan) subalgebras of the loop algebra 
i0[„, consisting of loops into diagonalizable matrices whose eigenvalues undergo 
a permutation of type p around the puncture. By fixing a distinguished ramified 
cover Ep of the punctured disc of type p, we pick out a particular Heisenberg algebra 
Ap C igtn, isomorphic to functions on Sp, and there is a natural action of Hp on 
HiggSj, p by tweakings, modifying the Higgs bundle but preserving its spectral curve 
(see |AB| and »BF1, for detailed discussions of Heisenberg and KdV flows). The 
above papers prove that the actions of these Heisenberg algebras are hamiltonian 
with respect to the Poisson structure on Higgs bundles, when sufficiently strong 
conditions are imposed on the regularity of the spectral curves or the Higgs fields 
at X. Since the Ap action is given by tweakings, we immediately recover from 
Theorem 15.41 a strong form of the compatibility, independent on the singularities 
of the spectral curve. (Note that on Higgs^ p all spectral sheaves are rank one on 
their support near x, so all tweakings along Fx are central.) 

Corollary 5.6 (Compatibility). Fix x d X and a partition p of n. The algehroid 
of tweakings along F^ C T* X pulls back to the action of the Heisenberg algebra 
Ap on Higgs^jp. Therefore all Heisenberg flows are given by pullbacks of Hitchin 
hamiltonians. 

5.4. PYamed Calogero-Moser Hierarchies. In this section we consider the tweak- 
ing flows on CM spectral sheaves. Since we are considering sheaves on framed 
along Eao, a natural collection of tweaking flows is parametrized by the algebroid 
of tweakings along Eoo ■ 

Definition 5.7. The CM algebroid on €-Mn{E,T) is the Lie algebroid End^ of 
tweakings along the divisor E^ C e"^ . 

We would like to obtain concrete hierarchies of tweakings, specifically tweaking 
by meromorphic functions (central tweakings). To do so we single out particular 
meromorphic germs on E by which to tweak. We will then identify the resulting 
flows with Hitchin hamiltonian flows on Higgs bundles. 

Let us consider first the /c-spin case T = O^. Recall the meromorphic function 
t on E^ defined near the fiber Ft over b f Section 14. 1(1 . We will define flows on CM 
spectral sheaves as tweaking near b e Eoo by powers of t. Note that the definition 
of t required a choice of global vector field on E, equivalently a trivialization of 
the cotangent fiber of E. Accounting for the action of change of trivialization, 
we identify the resulting polynomial algebra C[t\ canonically with C[d] where d 
denotes a global vector field on E. 

Given a polynomial p in C[t\ (considered as a germ of a meromorphic function 
near the fiber Fb) and a CM spectral sheaf, we may restrict p to define a germ of a 
meromorphic function on the corresponding CM spectral curve at its intersection 
point boc with Eoa- This defines an H^ class of 0{~Eoc), which then acts as 
a deformation of the framed spectral sheaf. Thus we have an action of C[t\ by 
commuting vector fields on £9}t„(i5): 

Definition 5.8 (CM flows). The spin CM hierarchy on spectral sheaves is the 
canonical action of C[d] on €dJl'^{E), where 9* acts by deforming spectral sheaves 
by the restriction of t' . 
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We may similarly define CM flows on T-framed spectral sheaves for an arbitrary 
T. Let S = IJj=i ^ denote the set-theoretic support of T, consisting of I 

distinct points on X (counted without multiplicity). 

Let Fj denote the formal neighborhood of the fiber C EK For Xj ^ b, we 
consider the restriction of the polynomial ring C[d] of global functions on T*E to 
Fj, giving meromorphic endomorphisms of framed spectral sheaves. When Xj = b, 
we shift these functions by the zeta function as above, again giving an action of 
C[d] (as powers of t) as meromorphic endomorphisms of framed spectral sheaves 
restricted to Ft. 

Definition 5.9. The framed CM hierarchy on £9Jl„(_E, T) is the action of C[dY on 
(LdJln{E, T), where 9* in the jth copy acts by tweaking on Fj by 5' for Xj b and 
by for Xj — b. 

Theorem 5.10. 

(1) The identification £OJl„(i?,T) — > ^£97ln(£',T) of Theorem \4-.ll\ (in partic- 
ular £9JtJ^(i?) — > f)€3yi^{E)) intertwines the framed CM hierarchy (action 
of C[d]^ ) with the flows of the framed CM hamiltonians, Definition \4.5\ 9' 
at the point Xj is the hamiltonian flow for Hi^^j ■ 

(2) For simple framing T = ® *L]^ Ox^ this construction gives all tweaking flows: 
the action of the full CM algebroid is identified with the action of C[d]'^ . 

Proof. By Theorem 15.41 the Hitchin flows are defined by tweaking of spectral 
sheaves on T*E, while the CM spectral flows are defined by tweaking sheaves 
on E^ framed along Eoo- More specifically, the hamiltonian flow of the spin CM 
hamiltonian Hi b, given by a residue of a trace of {rj + CId)*, is identified by The- 
orem]^] with the tweaking action of the function {d + CY on T*E, which has a 
pole along the fiber Fi, over b. This function is identified with t* by the birational 
identification of T*E and EK It follows that under the isomorphism of Corollary 
14.111 the meromorphic endomorphism of a Higgs bundle given by {d + (Y is iden- 
tified with the meromorphic endomorphism of a twisted Higgs bundle, hence CM 
spectral sheaf, given by t*. For Xj ^ 6, our hamiltonians are simply residues of 
traces of powers of the Higgs field, which correspond to multiplication by powers 
by the coordinate function d on the fibers oiT*E (which is identified with E^ away 
from Fb). (Note that the tweaking fiows preserve the framing at -Eoo, while the 
Hitchin hamiltonians Hi are independent of the framing data u,v.) It follows that 
the corresponding tweaking flows are identified, as claimed. 

Part (2) follows from the observation fSection lS. 1.1(1 that for simple framing, the 
T-framed spectral sheaves J- are all rank one torsion-free sheaves on their support. 
Hence all tweakings along E^a are given by multiplication by meromorphic func- 
tions on the support of the microlocalization Ts, and considered up to functions 
that vanish on the intersection with Eoo- Finally the support of J-g is a union of 
k punctured discs (one through each Xj S i?oo)- Hence functions on are 
identified (via restriction) with Laurent series C(((9^^)) in the fiber coordinate d 
on T*E (or t for Xj ~ b). The assertion follows from the observation the polyno- 
mial algebra C[d] maps isomorphically to the quotient of C(((9~^)) by functions 
vanishing at Xj. 

□ 



FLOWS OF CALOGERO-MOSER SYSTEMS 



25 



References 

[AB] M. Adams and M. Bergvelt, The Krichever map, vector bundles over algebraic curves, 

and Heisenberg algebras. Comm. Math. Phys. 154 (1993) 265-305. 
[AHP] M. Adams, J. Harnad, E. Previato, Isospectral hamiltonian flows in finite and infinite 

dimensions. I. Generalized Moser systems and moment maps into loop algebras. Comm. 

Math. Phys. 117 (1988), no. 3, 451-500. 
[AMM] H. Airault, H. P. McKean, and J. Moser, Rational and elliptic solutions of the Korteweg- 

dc Vries equation and a related many-body problem. Comm. Pure Appl. Math. 30 (1977), 

no. 1, 95-148. 

[BBT] O. Babelon, D. Bernard and M. Talon. Introduction to Classical Integrable Systems. 

Cambridge Monographs in Mathematical Physics, Cambridge University Press, 2003. 
[BBKT] O. Babelon, E. Billey, I. Krichever and M. Talon, Spin generalization of the Calogero- 

Moser system and the matrix KP equation. In Topics in Topology and Mathematical 

Physics, Amer. Math. Sac. Trans. Ser.2170, 83-119, Amer. Math. Soc, Providence, RI, 

1995. 

[BGKl] V. Baranovsky, V. Ginzburg, and A. Kuznetsov, Quiver varieties and a noncommutative 
p2, Compositio Math. 134 (2002), no. 3, 283-318. arXiv:math.AG/0103068 

[BGK2] V. Baranovsky, V. Ginzburg, and A. Kuznetsov, Wilson's Grassmannian and a noncom- 
mutative quadric. Int. Math. Res. Not. 21 (2003), 1155-1197. arXiv:math.AG/0203116 

[BB] A. Beilinson and J. Bernstein, A Proof of Jantzen conjectures. I. M. Gelfand Seminar, 
Adv. Soviet Math. 16 Part 1, 1-50, Amer. Math. Soc, Providence, RI, 1993. 

[Be] D. Bennequin, Hommage a Jean-Louis Verdier: Au jardin des systemes integrables. In 
Integrable Systems: The Verdier Memorial Conference, Prog. Math. 115 (1993), 1—36. 

[BFl] D. Ben-Zvi and E. Prenkel, Spectral curves, opers and integrable systems, Inst. Hautes 
Etudes Sci. Publ. Math. 94 (2001), 87-159. arXiv:math.AG/9902068 

[BF2] D. Ben-Zvi and E. Frenkel, Geometric Realization of the Segal-Sugawara Construction. 

Topology, Geometry and Quantum Field Theory. Proc, 2002 Oxford Symposium in 
Honour of the 60th Birthday of Graeme Segal. LMS Lecture Notes 308 (2004) 46-97. 
arXiv:math.AG/0301206 

[BNl] D. Ben-Zvi and T. Nevins, From Solitons to Many-Body Systems, 
arXiv:math.A G/0310490 

[BN2] D. Ben-Zvi and T. Nevins, ©-Bundles and Integrable Hierarchies, 
arXiv:math.AG/06 03720| 

[BW] Y. Berest and G. Wilson, Ideal classes of the Weyl algebra and noncommutative projective 
geometry. With an appendix by Michel Van den Bergh, Int. Math. Res. Not. 2 (2002), 
1347-1396. arXiv:math.AG/0104248 

[BrNe] H. Braden and N. Nekrasov, Instantons, Hilbert schemes and integrability. In Integrable 
structures of exactly solvable two-dimensional models of quantum field theory (Kiev, 
2000), NATO Sci. Ser. II Math. Phys. Chem. 35, 35-54, Kluwer Acad. Publ., Dordrecht, 
2001. arXiv:hep-th/0103204 

[BuK] I. Burban and B. Kreussler, Fourier-Mukai transforms and semi-stable sheaves on nodal 
Weierstrass cubics. J. Reine Angew. Math. 584 (2005), 45-82. 

[Cal] F. Calogero, Solution of the one-dimensional A^-body problems with quadratic and/or 
inversely quadratic pair potentials, J. Mathematical Phys. 12 (1971), 419—436. 

[Ca2] F. Calogero, Exactly solvable one-dimensional many-body problems, Lett. Nuovo Ci- 
mento (2) 13 (1975), no. 11, 411-416. 

[CC] D.V. Chudnovsky and G.V. Chudnovsky, Pole expansions of nonlinear partial differential 
equations, II Nuovo Cimento 40B (1977), 339-353. 

[D] R. Donagi, Seiberg-Witten integrable systems. In Algebraic geometry — Santa Cruz 1995, 
3-43, Proc. Sympos. Pure Math., 62, Part 2, Amer. Math. Soc, Providence, RI, 1997. 
arXiv:math.AG/9705010 

[DM] R. Donagi and E. Markman, Spectral covers, algebraically completely integrable hamil- 
tonian systems, and moduli of bundles. In Integrable systems and quantum groups. Lec- 
ture Notes in Math. 1620, Springer- Verlag, New York, 1995. alg-geom/9507017 

[DW] R. Donagi and E. Witten, Supersymmetric Yang-Mills theory and integrable systems, 
Nucl. Phys. B460 (1996), 299-334. arXiv:hep-t h/9510101 



26 



DAVID BEN-ZVI AND THOMAS NEVINS 



[ER] B. Enriquez and V. Rubtsov, Hitchin systems, higher Gaudin operators and ij-matrices. 
Math. Res. Lett. 3 (1996), no. 3, 343-357. 

[FMl] R. Friedman and J. Morgan, Minuscule representations, invariant polynomials, and spec- 
tral covers. Vector bundles and representation theory (Columbia, MO, 2002), 1-41, Con- 
temp. Math., 322, Amer. Math. Soc, Providence, RI, 2003. 

[FM2] R. Friedman and J. Morgan, Holomorphic principal bundles over elliptic curves III: sin- 
gular curves and fibrations, preprint. arXivimath. AG/0108104 

[FMW] Robert Friedman, John W. Morgan, and Edward Witten. Vector bundles over elliptic 
fibrations. J. Algebraic Geom. 8 (1999), no. 2, 279-401. 

[GW] F. Gesztesy and R. Weikard, Elliptic algebro-geometric solutions of the KdV and AKNS 
hierarchies — an analytic approach. Bull. Amer. Math. Soc. (N.S.) 35 (1998), no. 4, 271- 
317. 

[GH] J. Gibbons and T. Hermsen, A generalization of the Calogero-Moser system, Physica 
IID (1984), 337-348. 

[GN] A. Gorsky and N. Nekrasov, Elliptic Calogero-Moser system from two-dimensional current 
algebra, preprint, hep-th/9401021 

[GNR] A. Gorsky, N. Nekrasov and V. Rubtsov, Hilbert schemes, separated variables and D- 
branes. Comm. Math. Phys. 222 (2001), no. 2, 299-318. arXiv:hep-th/9901089 

[Hi] N. Hitchin, Stable bundles and integrable systems, Duke Math. J. 54 (1990), 91-114. 

[Hu] J. Hurtubise, Integrable systems and algebraic surfaces, Duke Math J. 83 (1996), 19-50. 

[HM] J. Hurtubise and E. Markman, Calogero-Moser systems and Hitchin systems. Comm. 
Math. Phys. 223 (2001), no. 3, 533-552. math.AG/9912161 

[HN] J. Hurtubise and T. Nevins, The geometry of Calogero-Moser systems, Ann. Inst. Fourier 
55 (2005), no. 6, 2091-2116. 

[KOP] L. Katzarkov, D. Orlov and T. Pantev, Koszul duality and framed sheaves. Preprint. 

[KKS] D. Kazhdan, B. Kostant and S. Sternberg, Hamiltonian group actions and dynamical 
systems of Calogero type. Comm. Pure Appl. Math 31 (1978), 481-507. 

[Krl] I. M. Krichever, On rational solutions of Kadomtsev-Petviashvilii equation and integrable 
systems of N particles on line. Fund. Anal i Pril. 12 (1978), no. 1, 76-78. 

[Kr2] I. M. Krichever, Elliptic solutions of the Kadomtsev-Petviashvilii equations and inte- 
grable systems of particles. Fund. Anal. Appl. 14 (1980), no. 4, 282-290. 

[Kr3] I. M. Krichever, Vector bundles and Lax equations on algebraic curves. Comm. Math. 
Phys. 229 (2002), no. 2, 229-269. arXiv:hep-th/0108110 

[KKO] A. Kapustin, A. Kuznctsov and D. Orlov, Noncommutative instantons and twistor trans- 
form. Comm. Math. Phys. 221 (2001), no. 2, 385-432. arXiv:hcp-th/0002193 

[LB] L. Le Bruyn, Moduli spaces for right ideals of the Weyl algebra. J. Algebra 172 (1995), 
no. 1, 32-48. 

[LMl] Y. Li and M. Mulase, Prym varieties and integrable systems. Comm. Anal, and Geom. 

5 (1997), 279-332. arXiv:math.AG/9203002 
[LM2] Y. Li and M. Mulase, Hitchin systems and KP equations, Internat. J. Math. 7 (1996), 

no. 2, 227-244. 

[M] E. Markman, Spectral Curves and Integrable Systems. Comp. Math. 93 (1994), 255-290. 
[Ma] E. Martinec, Integrable structures in supersymmetric gauge and string theory. Phys. Lett. 

B 367 (1996), no. 1-4, 91-96. 
[Muk] S. Mukai, Duality between D{X) and D{X) with its application to Picard sheaves, Nagoya 

Math. J. 81 (1981), 153-175. 
[Na] H. Nakajima, Varieties associated with quivers. Representation theory of algebras and 

related topics (Mexico City, 1994), 139-157, CMS Conf. Proc, 19, Amer. Math. Soc, 

Providence, RI, 1996. 

[Nl] N. Nekrasov, Holomorphic bundles and many-body systems. Comm. Math. Phys. 180 

(1996), no. 3, 587-603. arXiv:hep-th/9503157 
[N2] N. Nekrasov, Infinite-dimensional algebras, many-body systems and gauge theories. 

Moscow Seminar in Mathematical Physics, 263—299, Amer. Math. Soc. Transl. Ser. 2, 

191, Amer. Math. Soc, Providence, RI, 1999. 
[R] N. Reshetikhin, Degenerate Integrability of Spin Calogero-Moser Systems and the duality 

with the spin Ruijsenaars systems. |math.QA/6202245[ Lett. Math. Phys. 63 (2003), no. 

1, 55-71. 

[T] A. Treibich, Matrix eUiptic solitons, Duke Math. J. 90 (1997), no. 3, 523-546. 



FLOWS OF CALOGERO-MOSER SYSTEMS 



27 



[TVl] A. Trcibich and J.-L. Vcrdicr, Solitons elliptiqucs (with an appendix by J. Ocsterlc). In 

The Grothendieck Festschrift Vol. 3, Prog. Math. 88, 437-480, Birldiaiiscr, Boston, 1990. 
[TV2] A. Treibich and J.-L. Vcrdicr, Varictcs de Kritchever des solitons elliptiques de KP. 

In Proceedings of the Indo-French Conference on Geometry (Bombay, 1989), 187—232, 

Hindustan Book Agency, Delhi, 1993. 
[Wl] G. Wilson, Collisions of Calogero-Moser particles and an adelic Grassmannian, Invent. 

Math. 133 (1998), 1-41. 

[W2] G. Wilson, The complex Calogero-Moser and KP systems. In Galogero-Moser-Sutherland 
models (Montreal, QC, 1997), 539-548, CRM Ser. Math. Phys., Springer, New York, 
2000. 

Department of Mathematics, University of Texas at Austin, Austin, TX 78712 USA 
E-mail address: benzviamath.utexas.edu 

Department of Mathematics, University of Illinois at Urbana-Champaign, Urbana, 
IL 61801 USA 

E-mail address: nevins9uiuc.edu 



